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CONVERGENCE OF SEMIGROUPS OF MEASURES
ON A LIE GROUP
PAWEŁ GŁOWACKI
Abstract. A theorem of Siebert asserts that if µn(t) are semigroups of probability
measures on a Lie group G, and Pn are the corresponding generating functionals,
then
〈µn(t), f〉 −→
n
〈µ0(t), f〉, f ∈ Cb(G), t > 0,
implies
〈piPnu, v〉 −→
n
〈piP0u, v〉, u ∈ C
∞(pi), v ∈ X,
for every unitary representation pi of G on a Hilbert space X, where C∞(pi,X)
denotes the space of smooth vectors for pi.
The aim of this note is to give a simple proof of the theorem and propose some
improvements. In particular, we completely avoid employing unitary representations
by showing simply that under the same hypothesis
〈Pn, f〉 −→
n
〈P0, f〉, f ∈ C
2
b
(G).
As a corollary, the above thesis of Siebert is extended to strongly continuous repre-
sentations of G on Banach spaces.
1. Introduction
Let X be a Banach space and
An : Dn → X, Dn = dom(An) ⊂ X,
inftinitesimal generators of strongly continuous contraction semigroups etAn on X . It is
classical that
(1.1) etAnf −→
n
etA0f, f ∈ X, t > 0,
is equivalent to
(1.2) (λI −An)
−1f −→
n
(λI −A0)
−1f, f ∈ X, Reλ < 0.
(See, e.g. Yosida [8], IX.12.) Furthermore, if there exists a common core domain D ⊂ Dn,
then
(1.3) Anf −→
n
A0f, f ∈ D,
implies (1.1). See Kato [6], Theorem VIII.1.5.
A remarkable property of semigroups of probability measures is that this implication
can be in a way reversed. Namely, if µn(t) is a sequence of such semigroups on a Lie
group G, and Pn are the corresponding generating functionals, then
(1.4) 〈µn(t), f〉 −→
n
〈µ0(t), f〉, f ∈ Cb(G), t > 0,
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implies
〈πPnu, v〉 −→
n
〈πP0u, v〉, u ∈ C
∞(π), v ∈ X,
for every unitary representation π of G on a Hilbert space X , where C∞(π,X) denotes
the space of smooth vectors for π, see Siebert[7], Proposition 6.4. A generalisation can
be found in Hazod [2].
The aim of this note is to give a simple proof of the theorem and propose some
improvements. Thus, it is shown that (1.4) implies
〈Pn, f〉 −→
n
〈P0, f〉, f ∈ C
2
b (G).
The main idea is that the norm of a dissipative distribution interpreted as a functional on
C2b (G) can be controlled by its action on the coordinate functions. This helps to eliminate
any reference to unitary representatations so prominent in Siebert [7]. The result of
Siebert is recovered as a corollary and extended to strongly continuous representations
on Banach spaces such that
(1.5)
∫
G\U
‖π(x)‖P (dx) <∞,
for an open neighbourhood U of the identity.
The striking simplicity of our proof as compared to that of Siebert [7] is our main
argument for the presentation. However, an essential step in the proof is based on an
idea borrowed from Siebert which reduces the task to the case where the norms ‖Pn‖ as
functionals on C2b (G) are uniformly bounded in n (cf. Siebert [7], Proposition 6.3).
As an introduction to the theory of probability semigroups of measures on Lie groups
we recommend Duflo [1] and Hulanicki [4]. The reader may also wish to consult Hazod-
Siebert [3].
2. Dissipative distributions
Let G be a Lie group and {Xj}
d
j=1 a basis of leftinvariant vector fields G. Let Cb(G)
denote the Banach space of bounded continuous functions with the sup norm ‖ · ‖∞. Let
C2b (G) = {f ∈ C
2(G) : ‖f‖C2 <∞},
where
‖f‖C2 = max
|α|≤2
‖Xαf‖∞.
A Schwartz distribution P is said to be dissipative if
〈P, f〉 ≤ 0
for real f ∈ C∞c (G) which attain maximal value at the identity e. Moreover, P extends
to a continuous linear functional on C2b (G). If f ∈ C
2
b (G) and
f(e) = Xjf(e) = XjXkf(e) = 0, 1 ≤ j, k ≤ d,
then
(2.1) 〈P, f〉 =
∫
G
f(x)P (dx).
In particular, P coincides with a positive Radon measure on G \ {e} which is bounded
outside any open neighbourhood of e. It is convenient to introduce coordinate functions
near the identity. Let Φj ∈ C
∞
c (G) be real functions such that
XjΦk(e) = δjk, 1 ≤ k, j ≤ d,
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and let
Φjk = ΦjΦk, 1 ≤ k, j ≤ d.
Let also Φ ∈ C∞c (G) be a [0, 1]-valued function equal to 1−
∑d
k=1 Φ
2
j in a neighbourhood
of e. Then we have the following Taylor estimate
(2.2)
∣∣∣∣f(x)− f(e)−
d∑
j=1
Xjf(e)Φj(x)
∣∣∣∣ ≤ C‖f‖C2b (G)(1 − Φ(x))
for f ∈ C2b (G). The constant C here and throughout the paper is a generic constant
which may vary from statement to statement.
Since 〈P, 1 − Φ〉 ≥ 0 and
〈P,Φ〉 + 〈P, 1 − Φ〉 = 〈P, 1〉 ≤ 0,
we have, by (2.1),
(2.3)
∫
1− Φ(x)P (dx) = 〈P, 1− Φ〉 ≤ |〈P,Φ〉|.
2.4. Remark. The function 1− Φ is often called a Hunt function.
2.5. Proposition. Let P be dissipative. Then, there exists a constant C > 0 such that
‖P‖ ≤ C
(
|〈P,Φ〉| +
d∑
j,k=1
|〈P,Φjk〉|+
d∑
j=1
|〈P,Φj〉|+ |〈P, 1〉|
)
,
where ‖P‖ is the norm of P as a linear functional on C2b (G).
Proof. For every f ∈ C2b (G) we can write
f(x) = f1 + f2, f1(x) = f(e) +
d∑
j=1
Xjf(e)Φj(x) +
1
2
d∑
j,k=1
XjXkf(e)Φjk,
and f2 = f − f1. Then,
|〈P, f1〉| ≤
( d∑
j,k=1
|〈P,Φjk〉+
d∑
j=1
|〈P,Φj〉|+ |〈P, 1〉|
)
· ‖f‖C2
b
(G)
and, by (2.1) and(2.2),
|〈P, f2〉| ≤
∣∣∣∣
∫
f2(x)P (dx)
∣∣∣∣
≤
∣∣∣∣
∫
f2(x)Φ(x)P (dx)
∣∣∣∣ +
∫
|f2(x)|
(
1− Φ(x)
)
P (dx)
≤ C
∫
1− Φ(x)P (dx) · ‖f‖C2(G) + 〈P, 1− Φ〉 · ‖f‖Cb(G),
which, by (2.3), completes the proof. 
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3. Convergence
By the Hunt theory (cf. Hunt [5] and Hulanicki [4]), any dissipative P is a generating
functional for a weakly continuous semigroup µ(t) of subprobability measures. (The mea-
sures are probability measures if and only if 〈P, 1〉 = 0.) Let π be a strongly continuous
representation of G on a Banach space X satisfying (1.5). The operators
πµ(t)u =
∫
π(x)µ(t)(dx), u ∈ X,
form a strongly continuous contraction semigroup, and
(3.1) 〈πPu, v〉 = 〈P, fu,v〉, u ∈ C
2(π,G), v ∈ X ′,
is the infinitesimal generator of πµ(t) with
(3.2) C2(π,X) = {u ∈ X : fu,v ∈ C
2
b (G)}, fu,v(x) = 〈π(x)u, v〉,
for its core domain. (Cf. Duflo [1], Section 11 and 12.) In particular, the convolution
operators
(3.3) T (t)f(x) = f ⋆ µ˜(t) =
∫
f(xy)µ(t)(dy)
form a strongly continuous semigroup of contractions on Cb(G). The infinitesimal gen-
erator of T (t) is the convolution operator
P f(x) = f ⋆ P˜ (x) =
∫
f(xy)P (dy)
for which C2b (G) is a core domain.
3.4. Remark. Recall that if Tn(t) are strongly continuous contraction semigroups on a
Banach space X and
Tn(t)u −→
n
T0(t)u, u ∈ X, t > 0,
then for every fixed u ∈ X the convergence is uniform in 0 ≤ t ≤ 1. (See, e.g. Yosida [8],
Theorem IX.12.1.)
3.5. Theorem. Let Pn be dissipative distributions on G. Denote by µn(t) the corre-
sponding semigroups of measures. If
〈µn(t), f〉 −→
n
〈µ0(t), f〉, f ∈ Cb(G), t > 0,
then, for every f ∈ C2b (G),
〈Pn, f〉 −→
n
〈P0, f〉.
Moreover, if P0 = 0, then ‖Pn‖ −→
n
0.
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Proof. Let us keep the notation established above. For f ∈ C2b (G), we have
〈µ0(t)− µn(t), f〉 = 〈µ0(t)− δ0, f〉 − 〈µn(t)− δ0, f〉
=
∫ t
0
〈µ0(s) ⋆ P0, f〉 ds−
∫ t
0
〈µn(s) ⋆ Pn, f〉 ds
=
∫ t
0
〈P0, f ⋆ µ˜0(s)〉 ds−
∫ t
0
〈Pn, f ⋆ µ˜n(s)〉 ds
=
∫ t
0
〈P0, T0(s)f − f〉 ds−
∫ t
0
〈Pnf, Tn(s)f − f〉 ds+ t〈P0 − Pn, f〉
=
∫ t
0
〈P0 − Pn, T0(s)f − f〉 ds
+
∫ t
0
〈Pn, T0(s)f − Tn(s)f〉 ds+ t〈P0 − Pn, f〉,
whence
〈P0 − Pn, f〉 =
1
t
〈µ0(t)− µn(t), f〉+
1
t
∫ t
0
〈Pn − P0, T0(s)f − f〉 ds
+
1
t
∫ t
0
〈Pn, Tn(s)f − T0(s)f〉 ds.
Assume for the moment that
(3.6) sup
n
‖Pn‖ <∞.
Since, by Remark 3.4, the convergence of the semigroups is uniform for 0 ≤ s ≤ t ≤ 1,
the last formula implies the desired convergence of generating functionals. In fact, pick
t > 0 small enough to make the second term small, then fix t and take n large enough to
make the remaining terms small. If , in particular P0 = 0, then, by Proposition 2.5,
‖Pn‖ ≤C
(
|〈Pn,Φ〉|+
d∑
j,k=1
|〈Pn,Φjk〉|
+
d∑
j=1
|〈Pn,Φj〉|+ |〈Pn, 1〉|
)
−→
n
0,
which proves the last statement of the theorem. Thus, it remains to show that (3.6)
holds under the hypothesis of the theorem.
In fact, assume a contrario that this is not true. Then there exists a sequence of
integers nk such that αk = ‖Pnk‖ → ∞. The generating functionals Qk = α
−1
k Pnk
satisfy
(3.7) ‖Qk‖ = 1, k ∈ N ,
and the corresponding sequence of semigroups is
νk(t) = µnk(α
−1
k t) =
(
µnk(α
−1
k t)− µ0(α
−1
k t)
)
+ µ0(α
−1
k t),
which converges to the trivial semigroup, the generating functional being Q0 = 0. The
last statement follows from the fact that, by Remark 3.4,
〈µnk(t), f〉 −→
k
〈µ0(t), f〉
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uniformly in 0 ≤ t ≤ 1, and αk → ∞. By the first part of the proof, ‖Qk‖ → 0, which
contradicts (3.7). This proves (3.6) and completes the proof of the theorem. 
3.8. Corollary. Let π be a strongly continuous representation of G on a Banach space
X satisfying (1.5). If µn(t) and Pn satisfy the hypothesis of Theorem 3.5, then for every
u ∈ C2(π,X) and every v ∈ X ′,
〈πPnu, v〉 −→
n
〈πP0u, v〉.
Proof. If u ∈ C2(π,X), then, by (3.2), fu,v is in C
2
b (G) so, by Theorem 3.5 and (3.1),
〈πPnu, v〉 = 〈Pn, fu,v〉 −→
n
〈P0, fu,v〉 = 〈πP0u, v〉.

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